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Abstract. Hilbert C*-modules are the analogues of Hilbert spaces where a 
jrt ' C*— algebra plays the role of the scalar field. With the advent of Kasparov's 

celebrated K K— theory they became a standard tool in the theory of operator 
algebras. 
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While the elementary properties of Hilbert C*— modules can be derived 
basically in parallel to Hilbert space theory the lack of an analogue of the 
Projection Theorem soon leads to serious obstructions and difficulties. 
^A t In particular the theory of unbounded operators is notoriously more com- 

jS* . plicated due to the additional axiom of regularity which is not easy to check. 

C J ■ In this paper we present a new criterion for regularity in terms of the 

Hilbert space localizations of an unbounded operator. We discuss several ex- 
amples which show that the criterion can easily be checked and that it leads 
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to nontrivial regularity results. 
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1. Introduction 



A Hilbert C*-module E over a C*-algebra srf is an «e/-right module equipped 
with an ^/-valued inner product (•,•) and such that E is complete with respect 
to the norm ||a;|| := || (x, x} 1 ^ 2 ]] = || (x, a;)!! 1 / 2 . The notion was introduced by Ka- 
plansky in the commutative case [Kap53] and in general independently by Paschke 
[PAS73], Rieffel [Rie74] and Takahashi (for the latter cf. [Rie74, p. 179] and 
[Hof72, p. 364]). Kasparov's celebrated KK-theory makes extensive use of Hilbert 
C*-modules [Kas80] and by now Hilbert C*-modules are a standard tool in the 
theory of operator algebras. They are covered in several textbooks, Blackadar 
[Bla98, Sec. 13], [Bla06, Sec. II.7], Manuilov-Troitsky [MaTr05], Raeburn- 
Williams [RaWi98], Wegge-Olsen [W093, Chap. 15]; our standard reference will 
be Lance [Lan95]. 

The elementary properties of C*-modules can be derived basically in parallel 
to Hilbert space theory. However, there is no analogue of the Projection Theorem 
which soon leads to serious obstructions and difficulties. 

A Hilbert C* -module E comes with a natural C*-algebra S£(E) of bounded 
adjointable module endomorphisms. As for Hilbert spaces one soon needs to 
consider unbounded adjointable operators, Baaj-Julg [BaJu83], Guljas [Gul08], 
Kucerovsky [Kuc97], Pal [Pal99], Woronowicz [Wor.91]; see also [Lan95, Chap. 
9/10]. 

The lack of a Projection Theorem in Hilbert C*-modules causes the theory of 
unbounded operators to be notoriously more complicated. To explain this let us 
introduce some terminology: following Pal [Pal99] by a semiregular operator in 
a Hilbert C*-module E over stf we will understand an operator T : &(T) — > E 
defined on a dense ^/-submodulc 2>(T) C E and such that the adjoint T* is densely 
defined, too. One now easily deduces that T is ^/-linear and closable and that T* 
is closed. Besides this semiregular operators can be rather pathologic (see the 
discussion in Sec. 2.3 and Sec. 6). 

To have a reasonable theory (e.g. with a functional calculus for selfadjoint oper- 
ators) one has to introduce the additional axiom of regularity: a closed semiregular 
operator T in E is called regular if J + T*T is invertible. Regular operators be- 
have more or less as nicely as closed densely defined operators in Hilbert space. In 
particular for selfadjoint regular operators there is a continuous functional calculus 
[Baa81], [Kuc02], [WOR91], [WoNa92]. 

While in a Hilbert space every densely defined closed operator is regular in general 
Hilbert C*-modules there exist closed semiregular operators which are not regular, 
see Prop. 6.3. 

There is, however, a considerable drawback of the regularity axiom. We quote 
here from [Pal99, p. 332]: 

... But when one deals with specific unbounded operators on con- 
crete Hilbert C*-modules, it is usually extremely difficult to verify 
the regularity condition, though the semiregularity conditions are 
relatively easy to check. So it would be interesting to find other 
more easily manageable conditions that are equivalent to the last 
condition above. In [Wor91], Woronowicz gave a criterion based 
on the graph of an operator for it to be regular, and to this date, 
this remains the only attempt in this direction. 
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The aim of this paper is to remedy this distressing situation which has not 
much improved in the more than 10 years after Pal had written this. Before going 
into that let us briefly comment on Woronowicz's work and explain the criterion 
mentioned in the previous paragraph. 

Woronowicz [Wor91] works in the a priori special situation E = &/, i.e. E is the 
C*-algebra stf viewed as a Hilbert module over itself. This is not as special as it 
seems: for a general Hilbert C*-module E it is shown in [Pal99, Sec. 3] that there 
is a one-one correspondence between (semi)regular operators in E and (semi)regular 
operators in the C*-algebra J€(E) of ^-compact operators. Nevertheless, we do 
not quite agree with loc. cit. that this fact allows "without any loss in generality" 
to restrict one-self to (semi)regular operators on C* -algebras. After all changing 
the scalars from srf to J^(E) is rather substantial. 

Woronowicz' criterion reads as follows: a closed semiregular operator T in E is 
regular if and only if its graph 

T(T) := {{x, y) £ E © E \ x£ 3>{T), y = Tx). 

is complementable. This was proved in [Wor.91] for E = srf , the (straightforward) 
extension to the general case can be found in [Lan95, Theorem 9.3 and Prop. 9.5]. 

In practical terms this criterion does not help much. One rather quickly sees 
that checking it boils down to solving the equation (/ + T*T)x = y. 

Let us describe in non-technical terms the problem from which this paper arose. 
In our study of an approach to the i^if-product for unbounded modules [KaLe] we 
needed to study two selfadjoint regular operators S, T in a Hilbert C* -module with 
"small" commutator (Section 7). More precisely, we were looking at unbounded odd 
Kasparov modules (£>i, X) and (£>2, Y) together with a densely defined connection 
V. The operator S then corresponds to D\ (g) 1 whereas T corresponds to 1 ®v £>2- 
The Hilbert C*-module is given by the interior tensor product of X and Y over 
some C*-algebra. As an essential part of forming the unbounded Kasparov product 
of (Di,X) and (D 2 ,Y) one needs to study the selfadjointness and regularity of the 
unbounded product operator 

D:=L® iT S ~q T ), ®(D) = (®(S)n@(T)) 2 £E®E. (1.1) 

With some effort we could prove that this operator is selfadjoint but all efforts to 
prove regularity using Woronowicz' criterion failed. For a while we even started to 
look for counterexamples. On the other hand, in a Hilbert space regularity comes 
for free and the construction of D out of S and T was more or less "functorial" . 

So stated somewhat vaguely, the following principle should hold true: given a 
"functorial" construction of an operator D = D(S,T) out of two selfadjoint and 
regular operators 5, T. If then for Hilbert spaces this construction always produces 
a selfadjoint operator then D(S, T) is selfadjoint and regular. 

More rigorously, let us consider a closed, densely defined and, for simplicity, 
symmetric operator T in the Hilbert C*-module E. Then for each state u on s/ 
there is a canonical Hilbert space E M , a natural map l u : E — >• E u with dense range, 
and a symmetric operator T" which is defined by closing the operator defined by 
TqLu{x) := t, u (Tx), We call T u the localization of T with respect to the state ui. 
One of the main results of this paper is the following Local-Global Principle. For 
the sake of brevity, it is stated here for symmetric operators. See Theorem 4.2 for 
the general case. 
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Theorem 1.1 (Local-Global Principle). For a closed, densely defined and sym- 
metric operator T the following statements are equivalent: 

(1) T is selfadjoint and regular. 

(2) For every state lo S S(si) the localization T w is selfadjoint. 

The main tool for proving this Theorem is the following separation Theorem. 

Theorem 1.2. Let L C E be a closed convex subset of the Hilbert C* -module E 
over si ' . For each vector xq G E \ L there exists a state lo on si such that ^(xq) 
is not in the closure of u^L). In particular there exists a state lo such that i u (L) 
is not dense in E u and thus, when L is a submodule, t w (L) 7^ {0}. 

We will show by a couple of examples that the Local-Global Principle can easily 
be checked in concrete situations. We would find it aesthetically more appealing if in 
Theorems 1.1 and 1.2 one could replace "state" by "pure state". We conjecture that 
this is true, but we can only prove it under additional assumptions on the Hilbert 
C*-module. That pure states suffice in these cases turns out to be practically useful 
in Sections 5 and in the discussion of examples of nonregular operators in Section 
6. We therefore single out the following Conjecture: 

Conjecture 1.3. If L is a proper submodule of the C* -algebra si then there exists 
a pure state lo on si such that i u (L) 7^ {0}. 

Consequently, a closed densely defined symmetric operator in the Hilbert C* - 
module E over si is regular if and only if for each pure state lo on si the localization 
T^ is selfadjoint. 

We close this introduction with a few remarks about the organization of the 
paper: 

In Section 2 we collect the necessary background and notation. In particular 
(semi)regular operators and their localizations with respect to representations of 
the underlying C*-algebra are introduced. 

In Section 3 we prove the separation Theorem 1.2 and discuss various corner 
cases which illustrate that the separation Theorem is not as obvious as it might 
seem. As a first application we show that a submodule S C @(T) is a core for T if 
and only if for each state lo the subspace t w (<?) C SHT U ) is a core for the localized 
operator T u (Theorem 3.5). 

Section 4 contains the statement and proof of the main result of this paper, the 
Local-Global Principle characterizing the regularity of a semiregular operator T in 
terms of the Hilbert space localizations T u . The proof uses crucially the separation 
Theorem 3.1 in Section 3. To illustrate the power of the Local-Global Principle we 
generalize Wrist's extension of the Kato-Rellich Theorem to Hilbert C* -modules 
(Theorem 4.6). 

Section 5 discusses various aspects of the conjectural refinement of the Local- 
Global Principle, Conjecture 1.3. We prove the conjecture for Hilbert C*— modules 
over commutative C*-algebras (Theorem 5.8) as well as for the Hilbert C*-modulc 
E = si for any C*-algebra (Theorem 5.10). Furthermore, it is shown that for a 
finitely generated Hilbert module over a commutative C*-algebra every semiregular 
operator is regular (Theorem 5.9); this was earlier proved by Pal [Pal99, Sec. 4] 
for the special module E — si for si commutative. 

In Section 6 we will recast in a slightly more general context the known con- 
structions for nonregular operators. Propositions 6.3 and 6.4 give a precise measure 
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theoretic characterization for the regularity of a large class of semiregular opera- 
tors acting on the Hilbert module C(X, H) (X some compact space and H some 
Hilbert space) . These results contain the known examples of nonregular operators 
as special cases. 

Finally, Section 7 contains the regularity result which was the main motivation to 
write this paper, as explained above. We will study the regularity of sums S ± iT 
where S, T are selfadjoint regular operators in some Hilbert C*-module with a 
technical condition on the size of the commutator [S, T] . We will make crucial use 
of this result in a subsequent publication on the unbounded Kasparov product, see 
[KaLe]. 
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2. Regular operators and their localizations 

2.1. Notations and conventions. Script letters s/, 38, . . . denote (not necessarily 
unital) C*-algebras. Hilbert C*-modules over a C*-algebra will be denoted by 
letters E,F,...; H usually denotes a Hilbert space, i.e. a Hilbert C*-module over 
C Recall that a Hilbert C* -module over s/ is an ,c/-right module equipped with 
an .aZ-valued inner product (•,•). Furthermore, it is assumed that E is complete 
with respect to the induced norm ||x|| := || (a;, a;) 1 / 2 ! = ||(x,x)|| 1//2 . 

We will adopt the convention that inner products are conjugate s/ -linear in the 
first variable and linear in the second. This convention is also adopted for Hilbert 
spaces. We let Jif(E) denote the C*-algebra of bounded adjointable operators on 
E. Our standard reference for Hilbert C*-modules is Lance [Lan95]. 

2.2. Localizations of Hilbert C* modules, cf. [Lan95, Chap. 5]. Let it be a 

representation of sf on the Hilbert space H^. We then get an induced representation 
tte of 5£{Ei) on the interior tensor product E®^H^ [Lan95, Chap. 4]. The latter 
is the Hilbert space obtained as the completion of the algebraic tensor product 
E (£>£/ Hit with respect to the inner product 

(x®h,x' ®ti) = {h,7r({x,x')e/)h'), (2.1) 

and for T € ££{E) one has tte(T)(x (g) h) = (Tx) ® h. We emphasize that by 
[Lan95, Prop. 4.5] the inner product (2.1) on E <Ei^ H^ is indeed positive definite 
and hence E ®^ H^ may be viewed as a dense subspace of E^^H^. We call the 
Hilbert space E^^H^ the localization of E with respect to the representation it. 
If it is faithful then so is the induced representation ite of _£? (E). 

For cyclic representations one has a slightly different but equivalent description 
of E®£?H n . Namely, let uj £ S(s/) be a state. Then one can mimic the GNS 
construction for E as follows: u gives rise to a (possibly degenerate) scalar product 

(x,y) u :=u((x,y)) (2.2) 
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on E. jYu := {x € E | (x,x) u = 0} is a subspace of E. (-,-) u induces a scalar 
product on the quotient Ej ' JV M and we denote by E u the Hilbert space completion 
of E J ' jYui- We let i u : E — > E 1 " denote the natural map. Clearly t w is continuous 
with dense range; it is injective if and only if uj is faithful. 

Now let (7T w ,.H a ;,£ w ) be the cyclic representation of si with cyclic vector £ w 
associated with the state w. One then has (£a>)7Tui(o)£ui) = w(o) for a G .sz/. Fur- 
thermore, the map 

E u -* E% A H U , i u (e) h> e <g> £ w (2.3) 

is a unitary isomorphism. We will from now on tacitly identify E u with E®^H U 
and hence identify i w (e) with e® ^ where convenient. 

2.3. Semiregular and regular operators. Following Pal [Pal99] by a semireg- 
ular operator in E we will understand an operator T : 3>{T) — > E defined on a 
dense ^/-submodule &{T) C E and such that the adjoint T* is densely defined, 
too. 

This definition is the adaption of the notion of a densely defined closable operator 
in the Hilbert space setting. Pal also requires that T is closable but, as for Hilbert 
spaces, this indeed follows from the other assumptions: 

Lemma 2.1. Let T be a semiregular operator in E. Then T is ^/-linear and 
closable. The adjoint T* is closed and T* = (T)* . Here T denotes the closure of 
T. 

Proof, ^/-linearity and closability are simple consequences of the fact that T* is 
densely defined. E.g. let (x n ) C &{T) be a sequence such that x n — > and 
Tx n -> y. Then for all z e @(T*) 

(y,z) = lim (Tx n ,z) = lim (x n ,T*z) = 

n— foo n— fco 

and hence y = 0. This proves that T is closable. The remaining claims follow 
easily. □ 

Besides this one should not take for granted any of the properties one is used 
to from unbounded operators in Hilbert space. Semiregular operators in Hilbert 
C*-modules can be rather pathologic, see e.g. [Lan95, Chap. 9] and Section 6 
below. We mention as a warning that in general T C 7 1 **, see Prop. 6.3 and the 
discussion thereafter. 

A closed semiregular operator T is called regular if in addition I + T*T has dense 
range. It then follows that / + T*T is densely defined [Lan95, Lemma 9.1] and 
invertible. Regular operators behave more or less as nicely as closed densely defined 
operators in Hilbert space. In particular for selfadjoint regular operators there is a 
continuous functional calculus [Baa81], [Kuc02], [Wor91], [WoNa92]. 

Since the functional calculus will be needed, let us briefly describe it. Let Coo(K) 
denote the algebra of continuous functions / on the real line such that / has limits as 
x — > ±oo. This algebra is isomorphic to the continuous functions on the compact 
interval [-1,1] via C^R) 3 f i-> / e C[-l,l]J(x) := f(x/Vl ~ x 2 ). For a 
selfadjoint regular operator T the bounded transform T(I + T 2 ) -1 / 2 is in Jif(E) 
(cf. [LAN95, Chap. 10]). Putting f(T) := f(T(I + T 2 )- 1 ' 2 ) then yields a *- 
homomorphism Coo(lR) -^ -^{E) which sends the function x n- (l + x 2 )~ l to 
(I + T 2 )- 1 and i4i(l + x 2 )- 1 to T(I + T 2 )-\ 



LOCAL GLOBAL PRINCIPLE FOR REGULAR OPERATORS 7 

While in a Hilbert space every densely defined closed operator is regular in general 
Hilbert C*-modules there exist closed semiregular operators which are not regular, 
see Prop. 6.3. 

Lemma 2.2 (cf. [Lan95, Cor. 9.6]). Let T be a regular operator. Then T* is 
regular, too. Furthermore T = T** . 

Proof. Lance states this as an if and only if condition. As pointed out by Pal 
[Pal99, Rem. 2.4 (ii)] Cor. 9.6 in [Lan95] is not correct as stated. Indeed [Pal99, 
Prop. 2.2 and 2.3] shows that there exists a semiregular nonregular symmetric 
operator S such that S* is selfadjoint and regular. 

An inspection of the arguments preceding [Lan95, Cor. 9.6] shows that the 
regularity of T indeed implies the regularity of T* . Furthermore, then T — T** by 
[LAN95, Cor. 9.4]. 

In case of the operator S one can still conclude the regularity of S** . There is 
no contradiction here, it just follows that S** ^ S. □ 

Symmetry and selfadjointness are defined as usual as T c T* resp. T = T*. 
The following reduction of the regularity problem to selfadjoint operators will be 
convenient. 

Lemma 2.3. Let T be a closed and semiregular operator and define 

Then T is a closed symmetric operator. Moreover, T is regular if and only if T is 
selfadjoint and regular. 

Proof. That T is closed and symmetric is immediate. 

If T is regular then by Lemma 2.2 T* is also regular and T** = T. Thus f is 
selfadjoint and 

f2 _ f * f _(I + T*T \_(I + T*T \ 

is invertible. 

Conversely, if T is selfadjoint and regular then the first two equalities in (2.5) 
hold and they show that T is regular. □ 

For closed operators in Hilbert space the domain equipped with the graph scalar 
product is in itself a Hilbert space. We briefly discuss the analogous construction 
for a semiregular operator T. For x, y G 2${T) put 

(x,y) T :=(x,y) + (Tx,Ty). (2.6) 

It is straightforward to check that this turns S>(T) into a pre-Hilbert C*-module 
which is complete if and only if T is a closed operator. Furthermore, the natural 
inclusion lt '■ 3>{T) =-> E is a continuous ,g/-module homomorphism. Furthermore, 
we have 

Proposition 2.4. For a closed semiregular operator T the map lt is adjointable 
if and only ifT is regular. In that case one has i* T = (I + T*T)~ 1 , where the latter 
is viewed as a map E — > S>{T). 

We leave the simple proof to the reader, cf. also [Lan95, Chap. 9]. 
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2.4. Localizations of semiregular operators. Let £ be a Hilbert C*— module 
over some C*-algebra si ' . Furthermore, let 7r be a representation of si on the 
Hilbert space H^. The construction of tte in Section 2.2 can be extended to semireg- 
ular operators. Let T be a semiregular operator in E. We define Tq as unbounded 
operator in E®^H^ by 

@(T%) := 9(T) <8w H„, T*(x<S>h):=(Tx)®h€E® s/ Hi T . (2.7) 

Tq is certainly well-defined on the dense ^/-submodule ^(T)®^!!^. Furthermore, 
for ire 9(T),y€ S>(T*),hi,h 2 e H v 

(T£{x®h 1 ) 1 y®h 2 ) = ((Tx)®hi,y®h 2 ) = (hi,ir((Tx,y))h 2 ) 

= (hi^((x,T*y))h 2 ) = (x®h 1 ,(T*)%(y®h 2 )). 

This shows that the densely defined operator (T*)q is contained in (Tq)*. Let us 
summarize 

Lemma 2.5. _Fbr any representation (n, H w ) of si the operator Tq is densely 
defined and closable. Furthermore, (T*)q C (Tq)* . We let T n be the closure o}Tq 
and call it the localization ofT with respect to the representation (tt,H„). We have 

In particular if T is symmetric then the localization T x is symmetric, too. 

Finally we note that if (w u , H u ,£ u ) is the cyclic representation associated to the 
state u> we write Tq resp. T" for the localization viewed as an operator in E u . It 
follows from (2.3) that ®(T$) = i u (®(T)) and T$(l u x) = ^(Tx). 1 

3. A SEPARATION THEOREM FOR HlLBERT C*-MODULES 

In this section we are going to prove the following separation theorem which will 
be the main tool for proving the Local-Global Principle, Theorem 4.2, for regular 
operators. 

Theorem 3.1. Let L C E be a closed convex subset of the Hilbert C* -module E 
over si . For each vector xq G E \ L there exists a state w on si such that Lu,(xq) 
is not in the closure of ^(L). In particular there exists a state u> such that l u (L) 
is not dense in E w and thus, when L is a submodule, i u (L) ^ {0}. 

Remark 3.2. We emphasize that even if L is a submodule it is not necessarily 
complementable. If it is complementable then the statement of the Theorem is 
obvious. Namely, write xq = x' + x' ' with x' € L and x' ' € L^. Sq ^ since 
xq g" L. Furthermore, l u] (x'q) € t- u (L) for any state and choosing ui such that 
w((a%,x%)) ^ we have i u (x%) ^ 0. 

We mention two more pathologies of Hilbert C* -modules which underline that 
the Theorem should not be viewed as obvious. 

3.1. t u (L) can be dense for faithful v. Let si = C[0, 1], E = C[0, 1], L = {/ <E 
C[0, 1] | /(0) = 0}. L is a closed non-trivial submodule of E. The Lebesgue 

state u(f) = Jq f(t)dt is faithful, E u ~ L 2 [0, 1] and t, u (L) is dense in E^ . So 
even for faithful states, and hence for faithful representations, it may happen that 
t, u (L)± = {0}. 



Originally we considered only the localizations T u constructed on the Hilbert space E" (cf. 
(2.2)). We are indebted to Ryszard Nest for pointing out to us the more general construction via 
the interior tensor product. 
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n n 

FIGURE 1. The graph of the function / t) „. 

3.2. Convex hulls of closed subsets of £/ + \ {0} may contain 0. The proof 
of Theorem 3.1 will proceed by applying the Hahn-Banach Theorem to the convex 
hull of the set 

A := { (y - x , y - x ) | yeL}d srf+. (3.1) 

The closcdncss of L implies that inf{||a|| | a £ A} > 0. It will be crucial to show 
that the closure of the convex hull does not contain 0. 

We illustrate by example that in general we cannot hope that if A C &/+ with 
inf{||a|| | a £ A] > that then G' co(A). Namely, we will construct a subset 
A C si = C[0, 1] such that 

• Ac £/ + , 

• Ikll > 1 for all a £ A 7 

• £ co(A). 

For < t < 1 and n £ Z + such that < t - 1/n, t + 1/n < 1 let (cf. Figure 1) 

J ' V ' \l-n\x-t\, \x-t\< 1/n. V ' 

Let A = {/ t ,„ | (*,n) G Qx Z+,0 < t-l/n< t < t+l/n < l}. Then A is a 
countable subset of #f+ and 

inf{ ll/H | feA} = l. (3.3) 

Now let e > be given. Choose a natural number N > 1/e and put ij := 
j/(N + l),j = 1, ...,N,n := 2N + 2. Then for x £ [0,1] there is at most one index 

N 

j with ft^nix) 7^ 0. Hence for the convex combination -^ J2 ftj,n w e have 

i=i 

1 W 1 

0<-]T4,„(*)<-<e (3.4) 

3=1 



showing that £ co(A), cf. Figure 2. 
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N 





N 

IV l—i Jtj,n 
3=1 



+^ 



Figure 2. Convex combination of ft ,n with arbitrarily small norm. 



3.3. Counterexample for pure states. The previous construction can also be 
used to show that in Theorem 3.1 "state" cannot be replaced by "pure state". 
Namely, let £? = E = C[0, 1] and let L be the closed convex hull of the two 
functions /1/45, f 3/4,5- Then certainly for each / £ L we have ||/|| > 1/2, hence 
x = £ L. 

Now let w be a pure state of $4 . Then there is p £ [0, 1] such that 10(f) = fip). 
Let 1 > £ > be given. If p < 1/2 then for / = 5/1/4,5 + (1 — e)/3/4,5 we have 
w((/,/» < £ 2 - If p > 1/2 then put / = (1 - e)/i/ 4:5 + e/s/4,5- Tnis argument 
shows that = l u (xq) is in the closure if l u (L). 



3.4. Proof of Theorem 3.1. Let now A be the set defined in Eq. (3.1). Since L 
is closed we have 

<5:=inf{||j/-z || 2 | V G L} = inf{||o|| | a e A} > 0. (3.5) 



To apply the Hahn-Banach Theorem we need to show that ^ co(A). 

To this end we consider arbitrary y\ , . . . , y n £ E and real numbers Xj > with 
Ai + . . . + A„ = 1. Then (cf. [Lan95, Lemmas 4.2 and 4.3]) 



^2 \kh{yk,yi) = ^2^t(yk,yk) +Y2*kk({vk,yi) + (vuVk)) 

k,l=l fc=l k<l 

n 

< Y, x k(y^ Vk) + J2 x kk((y k ,y k ) + (yi,vi)) (3.6) 

fe=l k<l 

n 

= ^2k(yk,Vk)- 
fc=i 

Here we have used 

(*> v) + (y, x ) < (x> x ) + (y> y) ( 3 - 7 ) 

which can be seen by expanding (x — y, x — y) > 0. 
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n 

Consider the convex combination Yl ^j(Uj ~ x o, Vj — Xo),yi, ■ ■ • > J/n € L, of ele- 
ments of A. Using (3.6) we find 



^Xjiyj - x ,yj -x ) 



3 = 1 



(3.8) 



= (x Q ,x Q ) -^2Xj({yj,x ) +{x ,yj)) +^h{y 3 , yj ) 

n n 

> (x ,x ) -^2Xj{(yj,x ) + (xo,yj)) + ^2 XkMvk,yi) 

3 = 1 k,l=l 

n n 

3=1 3=1 

Since L is assumed to be convex, ^ Ajt/j € L, hence (3.5) and (3.8) give 

n 

1 1 Yl x j( y j ~ x °> y j ~ x ^ - s - ( 3 - 9 ) 

3=1 



This shows that each element b in the closure of the convex hull co(A) of A satisfies 
|| fe|| >S. This proves that $ co{A). 

The Hahn-Banach separation theorem now implies the existence of a continuous 
linear functional ip : g/ sa — > R and an e > such that <p(b) > e for all b 6 co(A). 
Here ^ sa denotes the real Banach space of selfadjoint elements in the C*-algebra 
stf '. We extend the linear functional ip to a selfadjoint linear functional on the 
C*-algebra si by defining 

t-.s/^C, r(x):=p(-^--)+ip(--^--). 

By Jordan decomposition for C*-algebras we can then find two positive linear 
functionals cj± € &f? such that r = cj+ — w_. Hence cj+(6) > 93(6) > e for all 
b £ co(.A) C ^/ + . Putting w = w+/||u;+|| we see that in E^ the vector t w (xo) and 
the subspace t u (L) have distance at least -\/e/||aj + | > which proves the claim. 

D 

3.5. Application: A core criterion for semiregular operators. 

Theorem 3.3. Suppose that T is a closed and semiregular operator in the Hilbert 
ssf-module E. Let <S C @(T) be a submodule of the domain of T . The following 
statements are then equivalent: 

(f) The submodule S is a core for S>{T). 

(2) For every representation (n,!!^) of &/ the subspace S ®srf H-k is a core for 

(3) For every state u G S{ff?) the subspace t- u ((o) C S>(T LJ ) is a core for the 
localization T u . 

Proof. Firstly, the implication (2) =>■ (3) is clear. Secondly, we note that for any 
representation (71-, #„■) the scalar product on &{T) ®^ H n (induced by the graph 
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scalar product on &(T)) equals the graph scalar product of T" 7r . Namely, for x,y & 
@(T),h,h' G H* we have 

(x ® h,y ® /i%(T)®^H„ = (ft, T«s, S/)r)ft') 

= (ft, n({x, y))h>) + (h, n({Tx, Ty))h>) 

= (x®h,y®h) E ®^HT, + (T n (x®h),T n (y<g>h)) E ®*H« 

= (x (g> h, y <S> h')T*- 

This shows that ^(T)®^H K = ^(T 71 ) as Hilbert spaces. 

In light of this if $ is dense in 3>(T) then so is S &W i^ in ^(T 71 ') proving 
(1)^(2). 

->(1) =>■ -i(3). If <? is not a core for 7 1 then there exists a vector xo € S)(T) \ S '. 
Hence by Theorem 3.1 there exists a state uj such that l^(xq) = xo <E> £ w is not in 
the closure of i^{S). Here <£ denotes the natural map £^(T) — ► ^(T) w . Thus 
to,(^) is not a core for T w . D 

4. The Local-Global Principle 

Before we prove the main theorem of this section we recall the characterization 
of sclfadjoint regular operators in terms of the range of the operators T±i, [Lan95, 
Lemmas 9.7 and 9.8]: 

Proposition 4.1. Let T be a closed, densely defined and symmetric operator in the 
Hilbert C* -module E over s/. Then for fj, € K\ {0} the operator T±i[j, is injective 
and has closed range. Furthermore, the following statements are then equivalent: 

(1) The unbounded operator T is selfadjoint and regular. 

(2) There exists fi > such that each of the operators T + i/j, and T — i\x has 
dense range. 

It then follows that T ± i/j, is invertible for all fj, e R \ {0}. In [Lan95] (2) is 
stated for /i = 1. The slight extension to arbitrary nonzero /i is proved as in the 
Hilbert space setting and left to the reader. 

We remark that regularity is a consequence of selfadjointness when the Hilbert 
C*-module is a Hilbert space. This property and the separation theorem for Hilbert 
C*-modules proved in Section 3 are applied in the proof of the next theorem. 

Theorem 4.2 (Local-Global Principle). 

1. For a closed semiregular operator T in a Hilbert C* -module the following 
statements are equivalent: 

(1) T is regular. 

(2) For every representation (-7T, i?^) of si the localizations T n and (T*Y are 
adjoints of each other, i.e. (T*) 7T = (T 7r )*. 

(3) For every state uj € S(s/) the localizations T u and (T*)" are adjoints of 
each other. 

2. For a closed, densely defined and symmetric operator T the following state- 
ments are equivalent: 

(1) T is selfadjoint and regular. 

(2) For every representation (jr, H v ) of s/ the localization T 7 ' is selfadjoint. 

(3) For every state uj € S(s/) the localization T^ is selfadjoint. 
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Remark 4.3. We note that under 1.(2) the identity (T*) w = (T OT )* implies T w = 
((T*)^)* since T 71 " is a closed operator in a Hilbert space and therefore T 77 = (T 71 ")**. 

Proof. In light of Lemma 2.3 it suffices to prove 2. The implication (2) => (3) is 
obvious. 

(1) => (2). Assume that T is selfadjoint and regular and let (it, H n ) be a represen- 
tation of 8$ '. By Proposition 4.1 we only need to prove that T 71 ' + i and T 71 ' — i 
have dense range. W.l.o.g. consider T 71 + i. Since -E (g)^ iJ T is dense in E* and by 
linearity it suffices to show that x <Ei h £ ran(T T + i) for x £ E and h £ iJ^. Since 
T is selfadjoint and regular T + i is surjective and hence y := (T + i)~ 1 x £ &(T) 
exists. Then (T 77 + i){y ® h) = x ® h. 

(3) =4> (1). Next we prove that the selfadjointness of all the localized operators 
imply the selfadjointness and regularity of the global operator. 

Thus assume that the localized operator T u is selfadjoint for each state uj £ S(A). 
Assume by contradiction that the range of T + i is not dense in E. By Proposition 
4.1 the range ran(T + i) is a proper closed submodule of E. By Theorem 3.1 there 
exists a state ui £ S{srf) such that 



i w (ran(T + «)) ^ E u . (4.1) 

However, we also have the identities of subspaces 



i w (ran(T + i)) = ran(T " +i) = ran(T" + i). 

Thus T w + i does not have dense range which is in contradiction with the selfad- 
jointness of T u . The same argument shows that the operator T — i has dense range 
as well and the Theorem is proved. □ 

Remark 4.4. The PhD-thesis of Baaj [Baa81] seems to be the earliest detailed 
treatment of regular operators, though only for the special case where the Hilbert 
C*-module is the C*-algebra itself. This work contains the functional calculus as 
well as both of the implications (1) =>■ (2) in Theorem 4.2. 

4.1. Application: Wiist's extension of the Kato Rellich Theorem. The 

Kato-Rellich Theorem [ReSi75, Theorem X.12] extends to Hilbert C* -modules 
without any difficulty. 

Theorem 4.5 (Kato-Rellich). Let T : 3)(T) — >• E be a selfadjoint regular operator 
and let V : 2#{V) — > E be a symmetric operator such that 3>(T) C S>(V). Suppose 
that V is relatively T -bounded with relative bound < 1. That is there exist a £ 
(0, 1), b £ R+ such that for x £ 9{T) 

\\Vx\\ <o||Ta;||+6||a;||. 

Then T + V with domain Sl(T) is selfadjoint and regular. 

Proof. The standard Hilbert space proof extends to this situation: namely, for 
/i £ R + large enough the operators T + V ± ifj, = (I + V{T ±i^y 1 ){T ± ifj.) is 
invertible and hence T + V is selfadjoint and regular. □ 

The proof of Wiist's extension to the case of relative bound 1 [ReSi75, Theorem 
X.14] makes heavy use of the fact that Hilbert spaces are self-dual and of weak 
compactness of the unit ball. These tools are not available for Hilbert C*-modules. 
Our Local-Global Principle allows us to generalize Wiist's Theorem as follows: 



(4.2) 
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Theorem 4.6 (Wiist). Let T : 2$(T) — > E be a selfadjoint regular operator and 
let V : 2#{V) — > E be a symmetric operator such that S>(T) C &{V). Suppose that 
there exists a b G M+ such that for x G @(T) 

(Vx, Vx) < (Tx, Tx) + b{x, x). 
Then T + V with domain S>(T) is essentially selfadjoint and regular. 
Proof. Let w G S(ef) be a state of s€ '. Then we have for x G ^(T) 

||V^t w (a;))|| 2 = w((ya ; ,ya ; ))<w((T a;i Ta ; )) + 6-w((a ; ,a ; )) 

= \\T£i u (x)\\ 2 + b-\\l u (x)f, 

thus Vq is relative Tj^-bounded with relative bound 1. Taking closures shows 
that V^ is relative T"-bounded with relative bound 1, too. By Wrist's Theorem 
[ReSi75, Theorem X.14] it follows that T^ + V u is essentially selfadjoint on any core 
for T u . In particular it is essentially selfadjoint on l, u ($(T)). For (, u (x), x G @(T), 
however, we have (T* + V u )t u (x) = l u (Tx + Vx) = (T + V)%i u (x). Thus the 
localization (T + V) u of T + V is selfadjoint. 

The claim now follows from Theorem 4.2. □ 

5. Pure states, commutative algebras and involutive Hilbert 

c*-modules 

Section 3.3 shows that in Theorem 3.1 one cannot conclude that u) can be chosen 
to be pure. 

Definition 5.1. 1. {gj}? =1 is called a partition of unity if 

(1) Qj € si, j = 1, . . . ,n — 1 and g n G s/ + , 

n 

(2) E QjQi = I- 

3=1 

Here si + is si if si is unital and otherwise it denotes the unitalization of si; I is 
the unit in si + . 

2. A subset A C si is called ^/-convex if for any x\, . . . , x n € j4 and a partition 
of unity gj G ^a/, j = 1 . . . , n one has 



E 



g* Xj gj € A. 



Conjecture 5.2. If in the situation of Theorem 3.1 L is an si ' -submodule then 
there exists a pure state u such that t w (#o) is not in the closure of i u (L). In 
particular there exists a pure state u> such that Lu,(L) is not dense in E u and hence 

Conjecture 5.3. Let si be a C* -algebra and let A c si + be a closed si -convex 
subset of the positive cone of si . If g" A then there exist an e > and a pure 
state uj such that u(a) > e for all a G A. 

Conjecture 5.4. Conjecture 5.3 implies Conjecture 5.2. 

Remark 5.5. Theorem 3.1 and its proof show that if one replaces "^/-convex" by 
the weaker condition "convex" then all three conjectures hold true if one replaces 
"pure state" by the weaker conclusion "state". Section 3.3 shows that under the 
weaker condition "convex" the statement of Conjecture 5.3 becomes false for pure 

states. 
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Theorem 5.6. If Conjecture 5.2 holds for a C* -algebra si then in statement (3) 
under 1. and 2. of Theorem 4.2 "state" can be replaced by "pure state". 

Remark 5.7. Actually, for this conclusion to hold the second sentence in Conjecture 

5.2 suffices. 

Proof. One argues as in the proof of Theorem 4.2 replacing the conclusion of Theo- 
rem 3.1 by that of Conjecture 5.2. With regard to the previous remark we emphasize 
that indeed in (4.1) only the last sentence of Theorem 3.1 was used. □ 

5.1. Commutative algebras. We are now going to prove that all three conjec- 
tures are true for commutative C*-algebras. 

Theorem 5.8. If si is commutative then Conjectures 5.2, 5.3, and 5.4 hold. 

Proof. 

5.3 =4> 5.2. The inequalities (3.6) and (3.8) are proved verbatim for Xj = q*qj and 
Dj G L. Since si is commutative they can be checked pointwise on the Gelfand 
spectrum of si. Thus as in the proof of Theorem 3.1 one concludes that the s/- 
convex hull A of the set A defined in (3.1) does not have in its closure. Conjecture 

5.3 now gives us a pure state ui which implies the validity of Conjecture 5.2. 

We will now prove Conjecture 5.3 for si commutative. Let X be the Gelfand 
spectrum of s/ + . This is a compact Hausdorff space. If si is unital then si ~ 
C(X) and if si is non-unital then there is a distinguished point ooel such that 

^~{/eC(X) I /M = o}. 

Furthermore, each p £ X {X \ {oo} in the non-unital case) gives rise to a pure 
state ujp{f) = f{p) and every pure state arises in this way. 

We proceed by contradiction and assume that the conclusion of Conjecture 5.3 
does not hold. Then for given e > and each p € X there exist an open neighbor- 
hood Up of p and an f p G A with f p (q) < e for q G U p . By compactness there exist 
finitely many p\ ,..., p n such that X = U Pl U. . .UU Pn . In the non-unital case we may 
choose and enumerate them such that oo G U Pn and oo G" U Pj for j — 1, . . . , n — 1. 
Since compact spaces are paracompact there exists a subordinated partition of unity 
Xii ■ ■ ■ >Xn,Xj £ C c (U Pj ). The set {-v/Xj}? = i is then a partition of unity in the sense 

n n 

of Definition 5.1. Hence f ■= J2 Xjfp, = J2 y/Xj fvi \/xl ls m -^ by ^/-convexity 

and it satisfies < / < e. This shows that is in A contradicting the assumption 
g A. D 

We can now easily deduce the following generalization of a result of Pal [Pal99, 
Prop. 4.1] about regular operators over commutative C*-algebras. 

Theorem 5.9. Let E be a finitely generated Hilbert C* -module over the commu- 
tative C* -algebra #/. Then every semiregular operator T in E is regular. 

Proof. As before let X be the Gelfand spectrum of &/ + . By Theorem 5.8 it suffices 
to show that for each pure state u> p ,p G X, the localized operator T u satisfies 

Let /i , . . . , /at G E be a generating set over sd '. Recall that E u is the Hilbert 
space completion of E/^Kj with respect to the scalar product (f,g)(p). Given 
a fixed / G E. Then for <p G si the vector i^ (ftp) depends only on the value 
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ip(j>) and hence E u is the vector space spanned by (.^(/l), ■ ■ ■ , ^{Jn) and thus is 
finite-dimensional. T u and (T*) u are, as densely defined closed operators in a 
finite-dimensional vector space, everywhere defined and bounded. The inclusion 
(T*Y C {T 1 ^)* (Lemma 2.5) then implies (T*) w = (T u )* . □ 

5.2. Regular operators over C* algebras and involutive Hilbert C* 
modules. 

Theorem 5.10. Let si be a C* -algebra. Then for the Hilbert C* -module E = s/ 
the conclusion of the last sentence in Conjecture 5.2 holds and hence in statement 
(3) under 1. and 2. of Theorem 4.2 "state" can be replaced by "pure state". 

Remark 5.11. 1. So for unbounded semiregular operators over C*-algebras regu- 
larity can be checked by looking at the localizations with respect to pure states. We 
emphasize that [Pal99, Sec. 3] does not help in extending this result to semiregu- 
lar operators over general Hilbert C* -modules because loc. cit. only shows that a 
(semi)regular operator in E is equivalent to an operator in J€{E). Our Theorem 
then says that one could check regularity now by looking at the localizations of the 
equivalent operator with respect to the pure states of J(f{E). 

2. Theorem 5.10 can in principle be extracted from [Wor91, Prop. 2.5], al- 
though there it is not stated explicitly. Our proof, however, is basically the same 
as the one in loc. cit. 

Proof. Let L be a proper stf right submodule of E. Then L is a proper right ideal 
in #/ and hence by [Dix77, Thm. 2.9.5] there exists a pure state w € S(s/) such 
that to \ L = 0. Hence l u {L) = {0} but since a; is a state certainly E^ ^ {0} 
proving l u (L) x ^ {0}. □ 

The argument of the previous proof exploits that the Hilbert C* -module E = s/ 
has a little more structure: Namely, it is a left- and a right module. The inner 
product compatible with the right module structure is (a, b) = a*b and the inner 
product compatible with the left module structure is (a,b)i — ab* . Obviously, the 
involution * : s/ — > s$ has the property (a, b) = (a*, &*);. This motivates 

Definition 5.12. An involutive Hilbert C*-module over a C*-algebra s/ is a 
Hilbert C*-module E together with a bounded involution * : E — >• E. 

Putting ax := (xa*)* and (x,y)i := (x*,y*) for a g s/, x,y € E gives E the 
structure of an £? Bimodule such that (E, (•, •);) is a left Hilbert ^/-module and 
(E, (•, •)) is a right Hilbert ^/-module. 

For any C*-algebra s/ the space E — s/ n is an involutive Hilbert module via 
(aj)* := {a*)j. However, for noncommutative si the countably generated Hilbert 
module H^ is not necessarily involutive since (a,j)j ^ (o-*)j is not necessarily 
bounded. (Except for the trivial commutative case) we do not know of other inter- 
esting involutive Hilbert C*-modules. 

We believe that Theorem 5.10 extends to full involutive Hilbert C*-modules. 
But in the lack of good examples we do not follow this path any further and leave 
the details to the reader. 

6. Examples of non-regular operators 

In this section we will recast in a slightly more general context the known con- 
structions of nonregular operators [Lan95, Chap. 9], [Pal99]. 
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Fix a separable Hilbert space and a symmetric closed operator D with deficiency 
indices (1, 1). E.g. H = L 2 [0, 1], 

9{D) := jafto, i] = {/ e £ 2 [o, i] I /' e l 2 [o, i], /(o) = /(i) = 0} 

and D/ := — i/' will do. 

As usual we put D min := D,D max := D* . The domain @(D max ) is a Hilbert 
space in its own right with respect to the graph scalar product (cf. (2.6)) and there 
are two normalized vectors <j>± such that 

D max (f>± = ±i<f>±, 

where the orthogonal sum and the normalization of 4>± are understood with respect 
to the graph scalar product of D max . Therefore, 

1-||0±I| 2 3 = II0±I| 2 + II±^±H 2 = 2||0 ± || 2 , U±\\ = ^=- (6-2) 

We introduce two continuous linear functionals 



a± : ®(D max ) — > C, a±(0 := (fc.Oc (6.3) 

With these notations the selfadjoint extensions of D are parametrized by A € 5 1 : 
for X E S 1 the operator Da is D max restricted to 

9{D X ) = {C e ^(D ma x) | a+(0 = A a_(0}- (6.4) 



With 



we have 



»7 A :=i=(A4> + + <£_), ^-:=i(^ + -A0_), (6.5) 



®(5max) = 0(Anin) © C T]X © C 7^ = #(£> A ) © C 7^ , (6.6) 

hence £ € f(D ma x) lies in @(D\) iff £ _L r;^ with respect to the graph scalar 
product, equivalently if 

(£, Anax(A0+ + (/>-)) = (D max £, A0+ + 4>_), (6.7) 

Next let X be a locally compact Hausdorff space, Cq{X) the C*-algebra of 
continuous functions which vanish at infinity. E := Cq(X, H) = H®c (x)Cq{X) is 
the standard Hilbert C*-module over Cq(X) modeled on H with inner product 

(f,g)(x)~(f(x),g(x)) H . (6.8) 

We are now going to introduce semiregular operators T m ; n , T max as follows: let 
^(Tma X /min) ■= C {X, &(D max/min )) = @(D max/min )® C o { x)C {X). These are 
Hilbert C*-modules and we have natural continuous inclusions 

0(T min ) <-+ 0(T max ) <-> E. (6.9) 

For / e ^(T max/min ) put (T max/min f)(x) := Anax/min (/(«))• 

Lemma 6.1. T max / mul are closed regular operators in E with T* lax — T m - mi T^ in = 
Tmax- Furthermore, the natural inner products on Cq(X, ^(-D ma x/min)) coincide 
with the graph inner products o/T max / m ; n . Hence by Prop. 2.4 the inclusion maps 
(6.9) are adjointable. 
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Proof. Certainly for /, g € Cq(X, @(D max )) we have 

= (f(x),g(x)) H + (D Bm (f{x)),D max (g{x)))H 

= (f,9)E(x) + (T max f,T max g) E (x) 

= (f,g)T ma ^{x), 

proving the claim about graph inner products. Since Co (A, i^(-D max / m i n )) are 
Hilbert C*-modules this also shows that T miix / min are closed operators. 

If / € ^(T r ; in ) then for each g € 0(T min ) = C (X, @(D min )) and each j£l 

<&/)(£),<?(*)) = (/(z), Ant* (<?(*))>, (6.11) 

hence f(x) e ^(D max ) and D maK (f(x)) = (T^ in /)(a;). This proves that / e 
^(Tinax) and T max / = T^ in /. This argument proves T^ in C T max . The inclusion 
T max C T^ in is obvious and hence we have equality. The equality T r * ax = T mul now 
follows similarly. 

To prove regularity we only have to note that for given / € E the elements defined 
by gi (x) := (I + D ma ,^D min y 1 f(x) resp. g 2 {x) := (l + D mill JJ mM ) _1 /W are in E 
and even more lie in the domain of T max T min resp. T min T mllx and (/+T max T min )gri = 
/ resp. (I + T min r max )gi = /. □ 

We are now going to study semiregular extensions T m - m C T\ C T max which 
depend on a Borel function A : X — > S 1 . For a Borel function A we let T\ be the 
operator T max restricted to 

#(T A ) := {/ G ^(T max ) | o+ o / = A- (a_ o /)}. (6.12) 

T A is a closed operator, T min C T A C T max , hence TJ D X^ ax = T min . Thus T A is 
a semiregular operator. In view of Theorem 5.8 for characterizing the regularity of 
T\ it suffices to study its localizations Tf with respect to the points pd (i.e. 
the pure states on Co (A)). As a preparation we define the following subsets of X 
depending on the function A: 

reg(A) :— {p <G X I A continuous in a neighborhood of p}, (6.13) 

sing-supp(A) := X\ rcg(A). (6.14) 

reg(A) is the largest open subset of X on which A is continuous, sing-supp(A) is 
the closed singular support of A. We furthermore distinguish two kinds of points 
in the common boundary <9reg(A) = <9sing-supp(A). For a point in dreg(A) we 
say that p € reg^ (A) if there exists an open neighborhood U of p and a continuous 
function A : U —> S 1 such that 

A \ C/nreg(A) = A fl7nreg(A). (6.15) 

For these p the limit 

A(p) := lim A(q) <= S 1 (6.16) 

q->p, qGrcg(A) 

exists and hence the value A(p) £ S 1 is uniquely determined. However, the existence 
of the limit (6.16) does in general not imply that p £ reg 00 (A). Finally, 

sing-supp r (A) := (dsing-supp(A)) \ reg oc (A) (6.17) 

denotes the complement of reg 00 (A) in dsing-supp(A). 
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Lemma 6.2. The localizations of T\ and T A with respect to pure states are given 
as follows: 

t p ,_ f Anin, P e sing-supp A, 
\ D A(j,), peregA. 
D max , p£ (sing-supp(A)) , 

W:=^> P l TCgiA \ (6.19) 

. Anin, P e sing-supp r A. 

Proof. We first note that £>(D min ) C $>{Tl fi ) C 2>(D A{p) ). The second inclu- 
sion follows from the definition (2.7). To see the first inclusion let £ £ S>(D m i n ). 
Then the constant function f(x) := £ lies in ^(T min ) C 0(T A ) and /(p) = £. 
Since &{Dm p ))/ i^(-Dmin) is one-dimensional it follows that either @(T AQ ) = 
#(!*) = ^(£» min ) or #(!*„) = #(!*) = #(D A(p )). Suppose that / e &(T A ) 
with ct-(f(p)) 7^ 0. Then there exists an open neighborhood U oi p such that 
a - (/(<?)) ^0 for q£ U and hence 

a r c/ = ^^4 r ^ (6-20) 

is continuous on [/, proving p <E reg(A). Thus if p $■ reg(A) we have ^(T^) = 
^(-Dmin)- Continuing with p £ reg(A) choose a function ip £ C c (reg(A)) with 
ip{p) = 1 and put 

f(q)i=(p(q)(A(q)<f,+ + <f>.). (6.21) 

Then / £ C (X, $>{D msx )) with a+ o / = A • (a_ o /), hence / £ 9{T h ) and thus 
f(p) £ 0(2* ). a_(f(p)) = 1 proving #(7* ) = 9(D A(p) ). 

Next consider T£ C T n * in = T max . The inclusion (T^) p C (Tf)* (Lemma 2.5) 
implies 

®((TtY) C J^ D ™«)' p G ^g-^PP(A), 
U Aj j \9(D A(P )), pereg(A). k ' 

The construction of Eq. (6.21) can now be adapted to prove the claim for the case 
p £ reg(A). 

If p £ (sing-supp(A)) then choose a continuous compactly supported function 
ip £ C c ((sing-supp(A))°) with ip(p) = 1. Then the functions 94 i){q)-<t>± he in the 
domain of @(T}Q since (a + of)(q) = = (a_ o f)(q) = for all q £ (sing-supp(A)) 
and all / £ 2>(T A ). This proves that the vectors </>+ and </>_ are contained in 

®{{T* K y), 

If p £ 0(reg(A)) and / € ^(Tjj) with a_(/(p)) ^ then / € C (X, 9(D mKX )), 
hence there is an open neighborhood U of p such that a_(/(g)) 7^ for g G J7. 
Furthermore a+(f(q)) = A(q) ■ a_(/(g)) for q e {/ fl reg(A). Thus 

A(p):= lim A(g)= lim ^M e S 1 (6.23) 

q^p, gGrcg(A) g->p, ? 6rcg(A) a_(J(,g)J 

exists and thus a + (f(p)) — A(p) -a_(/(p)) 7^ 0, too. Thus after possibly making U 
smaller we may assume that also a+{f{q)) 7^ for q in U and hence the continuous 
function 
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is a continuous extension of A \ U D reg(A), proving that necessarily p G reg 00 (A). 
This argument proves that (T£) p — D m [ n for p e sing-supp r (A). Continuing with 
p G reg oc (A) we first note that taking limits q — > p,q £ U reg(A) we see that 
necessarily a+(/(p)) = A(p) • a_(/(p)) proving ^((T^) p ) C @{D~ K{p) ). To prove 
the converse inclusion put (cf. (6.21)) 

/(?):= ¥>(g)(A(«)0 + +0_). (6.25) 

Then it easily follows that / G &\T^\. Since a_(/(p)) = 1 we conclude that indeed 
(T^) p = D^, v and the Lemma is proved. D 

Proposition 6.3. (1) Ta is regular if and only if (sing-supp(A)) = 

sing-supp(A). 

(2) Ta is selfadjoint if and only if sing-supp A = sing-supp r A. 

(3) Tjy is selfadjoint and regular if and only if A is continuous (i.e. 
sing-suppA = $). 

(4) T£ is selfadjoint and regular if and only if A is continuous (i.e. 
sing-supp A = reg^ A). 

Hence if sing-supp A = sing-supp r A 7^ then Ta is selfadjoint and not regular 
(cf. [Lan95, Chap. 9]). 

If sing-supp A = reg^ A 7^ then T^ is regular and selfadjoint, but Ta ^ T£ = 
Tl* is not regular (cf. [Pal99]). 

Proof. 1. By Theorem 5.8 T A is regular if and only if (T%)* = (T^) p for all pel. In 
view of (6.18), (6.19) this is the case if and only if (sing-supp(A))° = sing-supp(A). 

2. For Ta being selfadjoint it is necessary that T^ = (T^) p for all p e X. 
By Lemma 6.2 the latter is only true if sing-supp(A) = sing-supp r (A). If that 
is the case let us consider / G 9>{Tl). Then by (6.19) / G C (X, f(D m «)), 
f{p) G ^(Anin) if p G sing-supp r (A), and /(p) G 0(-D A (p)) if P G reg(A). But 
then, since (sing-supp (A)) = we have a + o / = A ■ a_ o /, thus / G ^(T A ). 

3. This is just the obvious combination of 1. and 2. 

4. This follows as 1. and 2. by applying Lemma 6.2 to T^. □ 



Proposition 6.4. Assume that reg(A) = X and let n be a probability measure on 
X with 



(1) supp/x = reg(A) = A, 

(2) 9(reg(A)) is a fi-null set. 

Then the representation 7r M is faithful, T^ = (T£)* , and 

®(T£) = {/ G T^ I /(:r) G #(D A (»)) /^ /*-a.e. x G X) (6.26) 

= {/eC I (/,^>t, m = 0}, (6.27) 

where i]^{x) := r)^ x) (cf. {6.5)). 

However, if 9(reg( A)) = sing-supp r A 7^ i/ien Ta is selfadjoint but not regular 
while if <9(reg(A)) = reg^ A / 8 then Ta is neither selfadjoint nor regular but 
T£ = (T?)* for the faithful representation 7r M . 

As an example for the last situation we could concretely take X = [0,1], A : 
[0, 1] — > S 1 such that A \ (0, 1] is continuous but discontinuous at (with not 
existing limit at in the first case and existing limit at in the second), and 
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This example shows that the answer to the following question, which the atten- 
tive reader might have hoped to be affirmative, is negative: 

Problem 6.5. Does the essential selfadjointness of the localized unbounded oper- 
ator of the form T 7 ' on H n imply the selfadjointness and regularity of the closed 
symmetric operator T when the presentation -k is faithful? 

One might however still be tempted to think that the above statement is true 
when the faithful representation is the atomic representation of £# ' , cf. Conjectures 
5.2-5.4 and Theorem 5.6. 

Proof of Prop. 6.4. Since supp /i = X it follows that the representation Tfy of C(X) 
by multiplication operators on L 2 (X,[i;H) is faithful. 

Now, let fl :— reg(A) and let : ft — > S 1 denote the restriction of to f2. We 
can then consider the operator To acting on the Hilbert module Cq(£1, H) together 
with the localization Tg. Here a denotes the restriction of the probability measure 
/i to il. We then get from Proposition 6.3 that Tq is selfadjoint and regular and 
hence from Theorem 5.6 that the localization Tg is selfadjoint. The selfadjointness 
of the localization Tj[ now follows by noting that we have the inclusion Tq C T£ 
under the identification of Hilbert spaces L 2 (f!,, a; H) = L 2 (X, fi; H). Here we use 
that /x(dreg(A)) = 0. 

The identities in Eq. (6.26) and Eq. (6.27) are now obvious. □ 

7. Sums of selfadjoint regular operators 

Let us consider a Hilbert C7*-module E over some C*-algebra &f . Furthermore, 
let S and T be two selfadjoint and regular operators with domains 2#(S) C E and 
3>{T) C E respectively. The main purpose of this section is then to study the 
selfadjointness and regularity of the sum operator 

D:=Ll iT S ~q T ), ®{D) = (@{S)n®{T)fcE®E. (7.1) 

As mentioned in the introduction this question is essential when dealing with the 
Kasparov product of unbounded modules. To be more precise we shall see that the 
following three assumptions are sufficient for the above sum to be a selfadjoint and 
regular operator. 

Assumption 7.1. We will assume that we have a dense submodule § C E such 
that the following conditions are satisfied: 

(1) The submodule § C S>{T) is a core for T. 

(2) We have the inclusions 

{S-i-u)- l {£)€@{S)n@{T) and TfS-i^r^je^) (7.2) 

for all a € R \ {0} and all £ € S. 

(3) The module homomorphism 

[S,T] ■ {S - i ■ ^y l : S -> E (7.3) 

extends to a bounded (si -linear) operator X^ : E — > E between Hilbert 
C* -modules for all u£R\ {0} . 

We will start by proving that the sum operator is selfadjoint. Afterwards we 
shall apply the Local-Global Principle to prove that the sum operator is regular as 
well. The following Lemma will be used several times: 
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Lemma 7.2. Let P be a self adjoint regular operator in the Hilbert C* -module E. 
Let (f n )n£N C Coo(R) be a sequence of functions (cf Section 2.3j such that 

(!) SU P« ll/rjoo < OO, 

(2) (/„)„gN converges to f £ Coo(K) uniformly on compact subsets o/M.. 
TTien f n (P) converges strongly to f(P) as n — > oo. 

Proof. Consider first x £ £)(P). Then with <p(t) := (t + i)^ 1 and y := (P + i)x we 
have x = (p(P)y. Since ip vanishes at oo, f n tp — > ftp uniformly, in particular 

f n (P)x = {{f n y){PJ)y — ► /(P).t. 

The sequence (/ n (P))neN therefore converges strongly to /(P) on the dense sub- 
module @(P). Since the sequence is uniformly norm bounded this implies the 
strong convergence. □ 

7.1. Selfadjointness. Let us assume that the conditions in Assumption 7.1 are 
satisfied. 

We begin by noting that the commutator [S, T] is densely defined. Indeed, the 
domain of [S, T] contains the dense submodule (S — iy 1 {S'). As a consequence we 
get that the bounded operators X^, fj, £ R\{0}, defined in Eq. (7.3) are adjointable. 
The adjoint of A M is given by the expression 

(X^^ = -(S + l ^r 1 [S : T}^ (7.4) 

for all £ in the dense submodule ([S,T]) C E. 

We continue by showing that the core S can be replaced by the domain of the 
selfadjoint and regular operator T. 

Proposition 7.3. The conditions in Assumption 7.1 are satisfied for S — 3>{T). 

Proof. Let us fix some vector £ £ 3)(T) and some number \i £ R \ {0}. It then 
suffices to prove the inclusions 

{S-i-iL)- l {i)£2){T) and T(S - % • ^"HO e 9{S). (7.5) 

To this end we let (£ n ) C <§ be some sequence such that 

£„^£, and T£„^P£ 

in the norm topology of E. It then follows that the sequences 

T(S-i- »)-% = (S-i- /z) _1 T£ n + {S-i- **)-%& and 

ST(S - i ■ n)~Hn = S(S-i- ^TZn + S(S-i- n)- x X^ n 

converge in E. But this proves the validity of the inclusions in (7.5) since our 
unbounded operators are closed. □ 

For later use we state and prove the following: 
Lemma 7.4. The sequence of adjointable operators 

Rn ■■= --(-s + ly 1 ■ [s, t] ■ (-s + ly 1 e j?(e) 

n n n 

as well as (P*J n converge strongly to the 0-operator. 
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Proof. For each n € N we can rewrite R n as 

R n = (-S + l)' 1 ■ X-i ■ {S + i)(S - i ■ n)- 



i 

'n 

Since the factors in this decomposition are adjointable it follows that R n is ad- 
jointable as well. By Lemma 7.2 the sequence of adjointable operators 

((5 + z)(5-z-n)- 1 ) neN C^(i?) 

converges strongly to zero as n —¥ oo. Furthermore the sequence of adjointable 
operators 

-S+lV'-xA CJ?{E) 

n ' /n£N 

is uniformly bounded in the operator norm. But these two observations prove that 
R n — > strongly. 

The same line of argument applies to the adjoint R n and the Lemma is proved. 

□ 

The C*-algebra estimates of the next two lemmas will be important for proving 
that the sum operator D is closed. 

Lemma 7.5. There exists a constant C > such that we have the following in- 
equality between self adjoint elements of the C* -algebra srf 

±i-([S,T\Z,S)<l(SZ,S(i) + C((i,Z) 

for all £e &([S,T\). 

Proof. The selfadjointness of S,T and Assumption 7.1 imply that ([S 1 , T]£,£) is 
skewadjoint for £ <E @([S, T]). Furthermore, the inequalities 

±2i ■ ([S, T]0 = T(i[S, T}^, M - X C) T (uT%i[S, T\tf) 
<H 2 ({S,T%[S,T}^)+^- 2 ^,0 

< /i 2 || [S, T](S + i)- 1 f • ((5 + i)0 (S + t)e) + ^ 2 (0 o 

< n 2 \\x^\\ 2 {so so + {A\x-i\\ 2 + ^ 2 ) ■ (00 

are valid in the C*-algebra sd for any n £ M. \ {0}. Here we have used again the 
inequality (3.7). Letting fj, = y^ 1 ,, now proves the claim. □ 

Lemma 7.6. There exists a constant C > such that 

((S±iT)0(S±i T)£) > \ (SO SO + (TO TO - C(0 
for all £€ 9(&)r\9(T). 
Proof. By an application of Lemma 7.5 we get that 

((S±iT)0(S±iT)S) = (SOS® + (T0T0 T i([S,T]00 

1 (7-6) 

>^(S0S0 + (T0T0~C(00 

for all £ £ 2$ ([S, J 1 ]). This proves the desired inequality on the submodule 
®{[S,T\) CS>(S)n@(T). 
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Now, let £ £ @(S) n @(T). We will then look at the elements 

U~{^S + l)-^£^([S,T]) 

in the domain of [S, T\. It follows from Lemma 7.2 that £ n — > £ and ££ n — > St; in 
£? as n — > oo. On the other hand, we have the identities 

T£ n = (15 + 1)-^+ - • (-S +iy 1 [S.T](-S + 1)- 1 £ 
n n n n 

^(-s + iy'n + R^. 

It therefore follows from Lemma 7.4 that T£„ — > T£ as n — > oo in the norm of 
E. The Lemma now follows by applying the inequality (7.6) to £„ and taking 
limits. □ 

We are now ready to prove the main result of this subsection. 

Proposition 7.7. Assume that the conditions in Assumption 7.1 are satisfied. The 
operators S ±iT with domain 2)(S ±zT) = 3{S) PI S!(T) are closed operators and 
adjoints of each other, i.e. (SzLiT) — (S^fiT). In other words, the sum operator 

f S-iT 

\S + iT 

with domain 

9(D) = {2>{S) n @{T)f 
is selfadjoint. 

Proof. The inequality stated in Lemma 7.6 shows that the convergence of a sequence 
in the graph norm of S ± i T implies the convergence of the sequence in the graph 
norm of S and in the graph norm of T individually. Since the unbounded operators 
S and T are closed this proves that S ±iT are closed, too. 

To show that S ± iT are adjoints of each other we first note that for each pair 
of elements £, r) £ 2$(S) n @>(T) we have the identity 

((S + iT)Z, V ) = (S,(S-iT)r 1 ). 

We therefore only need to prove the inclusion of domains 

®{{S + iT)*) C®(S)n@(T). (7.7) 

To this end we let £ £ @ ((S + i T)*) be a vector in the domain of the adjoint. We 
then define the sequence (£ n ) by 

Z n :=(-~S + 1)-\&@(S) 

n 

which converges to £ in the norm of E. We shall prove that £„ £ @(S) fl @(T) for 
all n £ N and that (S + i T)*£ n = (S — i T)£„ converges as n — > oo in the norm of 
E. This will prove the inclusion (7.7) since S — iT is already proved to be closed 
on@(S)n@(T). 
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We start by proving that £„ <E @{S) H ®{T). Let rj e 2>(T). We can then 
calculate as follows, using Assumption 7.1 and Proposition 7.3 



= (^T^S +iy\) - (^-(-S + iy 1 {S,T](-S +1)-^) (7.8) 

n n n n 

= -i(t, (s + % t)(-s + iy\) + i(t, s{-s + ly'v) - (KZ,v) 



= -i((-Ls+ 1) \S + iT)% V ) + i(St n ,ri) - (R*J,V)- 
Since T is selfadjoint this proves that 

n 
and 

Ti n =i(--S+ iy\s + iT)*Z - i Si n - R* n i. (7.9) 

11 

We end the proof of the inclusion (7.7) by showing that (S + i T)*£ n = (S — % T)£ n 
converges in the norm of E. From (7.9) we infer, since £„ € 2>(S) n @(T), 

(S + i T)*i n = (S -iT)£ n ={--S+iy\s + t T)*i + i(R n n. 

n 

The convergence of the sequence {(S + iT)*£ n } now follows from Lemma 7.4 and 
i G &{S) n 3>{T) is proved. 

The last claim about D is now clear. □ 

7.2. Regularity. We still assume that the conditions in Assumption 7.1 are satis- 
fied. It is now our goal to improve Proposition 7.7 by showing that the operators 
S ± iT and hence the sum operator D are also regular. This will turn out to 
be an easy consequence of the Local-Global Principle and the results in Section 
7.1. We start by noting that the localizations of T and S satisfy the conditions in 
Assumption 7.1. Remark that these localizations are selfadjoint by Theorem 4.2. 

Lemma 7.8. Letco € S(&/) be a state on the C* -algebra &/. Then the localizations 
with respect to u> of the selfadjoint regular operators T and S satisfy the conditions 
in Assumption 7.1. The desired core S u C ^(T w ) is the subspace S u ■— i u ($(T)) . 

Proof. This is a straightforward consequence of the definitions and Proposition 

7.3. □ 

In order to prove the regularity of the sum operator D we study the behavior of 
localization with respect to the sum operation. 

Lemma 7.9. Let uj E S(&/) be a state on the C* -algebra stf . We then have the 
identity 

S" + iT u = (S + i T) u 
between localized operators. 
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Proof. Recall that by definition ®(S u +iT u ) = 9(S u )f\9{T u ). We start by noting 
that 

(S + iT) u C 5" + iT w . 

This inclusion is valid since (5 + iT)gf C ££ + iT w and since S^ + iT" is closed 
by Proposition 7.7. Thus we only need to prove the inclusion 

5> (S*" + i 1") C 3>({S + iTY) (7.10) 

of domains. In order to establish this we first prove that 

(S w +in)- 1 (9(T u )) C9((S + iT) u ) (7.11) 

for all fj, e M\ {0}. Let /i€l\ {0} and let £ € $>(T U ). We can then find a sequence 
(?7 n ) C 0(T) such that 

tu{r]n) -» £ and ^(T?7„) -> T"^). 

By Assumption 7.1 we get that 

(S u + in)- 1 (tufa)) = to,((S + »»~V) G ^( #(S) n 9{TJ) C ((5 + iT) w ) 

and by continuity we have that 

(£" + »/i) _1 (ta,(»?n)) "> (5" + tT*)" 1 *- 

We therefore only need to prove that the sequence 

(5 + i Ty(S" + i^r 1 (lM) = 4w((5 + z T)(S + iM)~V) 

is convergent in the norm of E u . But this follows by the argument given in the 
proof of Proposition 7.3. 

To finish the proof of the inclusion in (7.10) we let 

£ e ®{S" +iT u ) = 9{S U ) n 9{T U ). 

We then define the sequence (£„) by 

n 
By the argument given in the proof of Lemma 7.6 we have that 

£„ -> £ and (S w + i T")£„ -> (5" + i T")£, 

where the convergence takes place in the Hilbert space E 1 ^ . But this proves that 
?£f((S + iT) u ) since £„ e ((5 + iT)") for all n e N by the inclusion in 
(7.11). □ 

We are now ready to prove the main result of this section. 

Theorem 7.10. Assume that the conditions in Assumption 7.1 are satisfied. Then 
the sum operator 

S-iT^ 



l ' \S + iT 



with domain ( &{S) fl 39{T)) is selfadjoint and regular. 
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Proof. Let uj 6 S{srf) be a state on the C*-algebra srf '. By the Local-Global 
Principle proved in Theorem 4.2 we only need to prove that the localization D^ 
agrees with the self adjoint operator 



{D u )' := 





S u + i T u 



S u -iT u 




f((D w )') := (@(S u )n@(T u )f 



Remark that the selfadjointness of {D u )' is a consequence of Lemma 7.8 and Propo- 
sition 7.7. However, by an application of Lemma 7.9 we get the identities 



D u 



(S-iT) b 

^(S + iT)^ 

and the theorem is proved. 



S u -iT u 

S u +iT u 



(D^ 



D 
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